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Abstract: This paper is a continuation of the paper [16]. Namely, in [16] we have introduced, among others, the definition of the 
atomic entailment and we have constructed the system 𝑆𝑆
⊓
, which is based on the atomic entailment. In this paper we show that the 
classical Arithmetic can be based on the Atomic Logic (see [17]). 
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1. Notational Preliminaries    
We assume that →, ~,∨,∧,≡ denote the connectives 
of implication, negation, disjunction, conjunction and 
equivalence, respectively. We use ⇒, ¬,⇔, &,𝕍𝕍,∀,∃ 
as metalogical symbols. Next, 
𝐴𝐴𝐴𝐴0 = {𝑝𝑝,𝑝𝑝1,𝑝𝑝2, … , 𝑞𝑞, 𝑞𝑞1, 𝑞𝑞2, … , 𝑠𝑠, 𝑠𝑠1, 𝑠𝑠2, … 𝐴𝐴, … } 
denotes the set of all propositional variables. 𝑆𝑆0 is the 
set of all well-formed formulas, which are built in the 
usual manner from propositional variables and by 
means of logical connectives. 𝑃𝑃0(𝜙𝜙) denotes the set 
of all propositional variables occuring in 𝜙𝜙(𝜙𝜙 ∈ 𝑆𝑆0). 
𝑅𝑅𝑆𝑆0  denotes the set of all rules over 𝑆𝑆0. Hence, for 
every 𝑟𝑟 ∈ 𝑅𝑅𝑆𝑆0 , 〈Π,𝜙𝜙〉 ∈ 𝑟𝑟,where Π ⊆ 𝑆𝑆0  and 𝜙𝜙 ∈ 𝑆𝑆0 
and Π is a set of premisses and 𝜙𝜙 is a conclusion. 
Hence, 𝑟𝑟∗
0  denotes here the rule of simultaneous 
substitution for propositional variables. 〈{𝜙𝜙},𝜓𝜓〉 ∈
𝑟𝑟∗
0 ⇔ [ℎ𝑒𝑒(𝜙𝜙) = 𝜓𝜓], where ℎ𝑒𝑒  is the extension of the 
mapping 𝑒𝑒:𝐴𝐴𝐴𝐴0 ⟶ 𝑆𝑆0 (𝑒𝑒 ∈ 𝜀𝜀∗0)  to endomorphism 
ℎ𝑒𝑒 :𝑆𝑆0 ⟶ 𝑆𝑆0, where 
1. ℎ𝑒𝑒(𝜙𝜙) = 𝑒𝑒(𝜙𝜙), for 𝜙𝜙 ∈ 𝐴𝐴𝐴𝐴0 
2. ℎ𝑒𝑒(~𝜙𝜙) = ~ℎ𝑒𝑒(𝜙𝜙) 
3. ℎ𝑒𝑒(𝜙𝜙𝜙𝜙𝜓𝜓) = ℎ𝑒𝑒(𝜙𝜙)𝜙𝜙ℎ𝑒𝑒(𝜓𝜓), for 
𝜙𝜙 ∈ {→, ∨, ∧, ≡} and for every 𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆0. 
Corresponding author: L. T. Stepień, The Pedagogical 
University of Cracow, Kraków, Poland. E-mail: 
sfstepie@cyf-kr.edu.pl, http://www.ltstepien.up.krakow.pl. 
 
Thus, 𝜀𝜀∗
0 is a class of functions 𝑒𝑒: 𝐴𝐴𝐴𝐴0 ⟶ 𝑆𝑆0 (for 
details, see [5], cf. [2]). 𝑟𝑟00 denotes here the Modus 
Ponens rule in propositional calculus. 𝑅𝑅0∗ = {𝑟𝑟00, 𝑟𝑟∗0} 
(for details, see [2], [5]). A logical matrix is a pair 
𝔐𝔐 = {𝑈𝑈,𝑈𝑈′ }, 𝑈𝑈 is an abstract algebra and 𝑈𝑈′ is a 
subset of the universe 𝑈𝑈, i.e. 𝑈𝑈′ ⊆ 𝑈𝑈. Any 𝑎𝑎 ∈ 𝑈𝑈′ is 
called a distinguished element of the matrix 𝔐𝔐.𝐸𝐸(𝔐𝔐) 
is the set of all formulas valid in the matrix 𝔐𝔐.𝔐𝔐2 
denotes the classical two-valued matrix.  
Hence, 𝑍𝑍2 is the set of all formulas valid in the 
classical matrix 𝔐𝔐2 (see [2], [5]).  
The symbols 𝑥𝑥1,𝑥𝑥2, …  are individual variables. 
𝑎𝑎1,𝑎𝑎2, … are individual constants. 𝑉𝑉 is the set of all 
individual variables. 𝐶𝐶  is the set of all individual 
constants. 𝑃𝑃𝑖𝑖𝑛𝑛(𝑖𝑖,𝑛𝑛 ∈ 𝒩𝒩 = {1, 2, … })  are 𝑛𝑛 -ary 
predicate letters. The symbols 𝑓𝑓𝑖𝑖𝑛𝑛(𝑖𝑖,𝑛𝑛 ∈ 𝒩𝒩)  are 
𝑛𝑛-ary function letters. The symbols ⋀𝑥𝑥𝑘𝑘 ,⋁𝑥𝑥𝑘𝑘  are 
quantifiers. ⋀𝑥𝑥𝑘𝑘  is the universal quantifier and ⋁𝑥𝑥𝑘𝑘  
is the existential quantifier. The function letters, 
applied to the individual variables and individual 
constants, generate terms. The symbols 𝐴𝐴1, 𝐴𝐴2, … are 
terms. 𝑇𝑇 is the set of all terms. 𝑉𝑉 ∪ 𝐶𝐶 ⊆ 𝑇𝑇.  
The predicate letters, applied to terms, yield simple 
formulas, i.e. if 𝑃𝑃𝑖𝑖
𝑘𝑘  is a predicate letter and 𝐴𝐴1, … , 𝐴𝐴𝑘𝑘  
are terms, then 𝑃𝑃𝑖𝑖
𝑘𝑘(𝐴𝐴1, … , 𝐴𝐴𝑘𝑘) is a simple formula. 
D 
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𝑆𝑆𝑆𝑆𝑝𝑝 is the set of all simple formulas. Next, 𝐴𝐴𝐴𝐴1 is 
the set of all atomic formulas, where 𝐴𝐴𝐴𝐴1 ={𝑃𝑃𝑖𝑖𝑘𝑘�𝑥𝑥𝑗𝑗1 , … ,𝑥𝑥𝑗𝑗𝑘𝑘 �:𝑘𝑘, 𝑖𝑖, 𝑗𝑗1, … , 𝑗𝑗𝑘𝑘 ∈ 𝒩𝒩}. At last, 𝑆𝑆1 is the 
set of all well-formed formulas. 𝜙𝜙𝑉𝑉(𝜙𝜙) denotes the 
set of all free variables occuring in 𝜙𝜙, where 𝜙𝜙 ∈ 𝑆𝑆1. 
𝑥𝑥𝑘𝑘 ∈ 𝜙𝜙𝑓𝑓(𝐴𝐴𝑆𝑆 ,𝜙𝜙) expresses that 𝑥𝑥𝑘𝑘  is free for term 
𝐴𝐴𝑆𝑆  in 𝜙𝜙. By 𝑥𝑥𝑘𝑘/𝐴𝐴𝑆𝑆  we denote the substitution of the 
term 𝐴𝐴𝑆𝑆  for the individual variable 𝑥𝑥𝑘𝑘 . 𝑃𝑃1(𝜙𝜙) 
denotes the set of all predicate letters occuring in 
𝜙𝜙 (𝜙𝜙 ∈ 𝑆𝑆1) . If 𝜙𝜙𝑉𝑉(𝜙𝜙) = {𝑥𝑥1, … ,𝑥𝑥𝑘𝑘} , then ⋀𝜙𝜙 = ⋀𝑥𝑥1 …⋀𝑥𝑥𝑘𝑘𝜙𝜙.  
𝑅𝑅𝑆𝑆1  denotes the set of all rules over 𝑆𝑆1. Hence, for 
every 𝑟𝑟 ∈ 𝑅𝑅𝑆𝑆1 , 〈Π,𝜙𝜙〉 ∈ 𝑟𝑟 , where Π ⊆ 𝑆𝑆1  and 
𝜙𝜙 ∈ 𝑆𝑆1  and Π  is a set of premisses and 𝜙𝜙  is a 
conclusion. Hence, 𝑟𝑟∗
1  denotes here the rule of 
simultaneous substitution for predicate letters. 
〈{𝜙𝜙},𝜓𝜓〉 ∈ 𝑟𝑟∗1 ⇔ [ℎ𝑒𝑒(𝜙𝜙) = 𝜓𝜓] , where ℎ𝑒𝑒  is the 
extension of the mapping 𝑒𝑒: 𝑆𝑆𝑆𝑆𝑝𝑝 ⟶ 𝑆𝑆1 (𝑒𝑒 ∈ 𝜀𝜀∗1) to 
endomorphism ℎ𝑒𝑒 :𝑆𝑆1 ⟶ 𝑆𝑆1, where 
1. ℎ𝑒𝑒(𝜙𝜙) = 𝑒𝑒(𝜙𝜙), for 𝜙𝜙 ∈ 𝑆𝑆𝑆𝑆𝑝𝑝 
2. ℎ𝑒𝑒(~𝜙𝜙) = ~ℎ𝑒𝑒(𝜙𝜙) 
3. ℎ𝑒𝑒(𝜙𝜙𝜙𝜙𝜓𝜓) = ℎ𝑒𝑒(𝜙𝜙)𝜙𝜙ℎ𝑒𝑒(𝜓𝜓),  
for 𝜙𝜙 ∈ {→,∨,∧,≡} 
4. ℎ𝑒𝑒(⋀𝑥𝑥𝑘𝑘𝜙𝜙) =  ⋀𝑥𝑥𝑘𝑘ℎ𝑒𝑒(𝜙𝜙) 
5. ℎ𝑒𝑒(⋁𝑥𝑥𝑘𝑘 𝜙𝜙) =  ⋁𝑥𝑥𝑘𝑘 ℎ𝑒𝑒(𝜙𝜙) for every 
𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆1 and 𝑘𝑘 ∈ 𝒩𝒩 (for details, see [6], [7]). 
Next, 𝑟𝑟01  denotes the Modus Ponens rule in 
predicate calculus, 𝑟𝑟+1 denotes the generalization rule. 
𝑅𝑅0+ = {𝑟𝑟01, 𝑟𝑟+1},  𝑅𝑅0∗+ = {𝑟𝑟01, 𝑟𝑟∗1, 𝑟𝑟+1}. We write 𝑋𝑋 ⊂ 𝑌𝑌, 
if 𝑋𝑋 ⊆ 𝑌𝑌 and 𝑋𝑋 ≠ 𝑌𝑌. 
We assume here that for every 𝛼𝛼 ∈ 𝑆𝑆1 , if 
𝜙𝜙𝑉𝑉(𝛼𝛼) = {𝑥𝑥1, . . . , 𝑥𝑥𝑛𝑛} , then 𝛼𝛼∗ = ⋁𝑥𝑥1 …⋁𝑥𝑥𝑛𝑛 ∼𝛼𝛼 . 
Hence, for every 𝛼𝛼 ∈ 𝑆𝑆1 , if 𝜙𝜙𝑉𝑉(𝛼𝛼) = ∅ , then 
𝛼𝛼∗ = ∼ 𝛼𝛼. Analogically, for every 𝛼𝛼 ∈ 𝑆𝑆0, 𝛼𝛼∗ = ∼ 𝛼𝛼. 
Finally, for any 𝑋𝑋 ⊆ 𝑆𝑆𝑖𝑖  and 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆𝑖𝑖 , 𝐶𝐶𝑛𝑛𝑖𝑖(𝑅𝑅,𝑋𝑋) 
is the smallest subset of 𝑆𝑆𝑖𝑖 , containing 𝑋𝑋 and closed 
under the rules 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆𝑖𝑖 , where 𝑖𝑖 ∈ {0,1}. The couple 
〈𝑅𝑅,𝑋𝑋〉  is called a system, whenever 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆𝑖𝑖  and 
𝑋𝑋 ⊆ 𝑆𝑆𝑖𝑖  and 𝑖𝑖 ∈ {0,1}.    𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐴𝐴0  denotes here the 
class of all systems 〈𝑅𝑅,𝑋𝑋〉, which are based on an 
atomic entailment, where 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆0 and 𝑋𝑋 ⊆ 𝑆𝑆0 . 
𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐴𝐴1  denotes here the class of all systems 
〈𝑅𝑅,𝑋𝑋〉, which are based on an atomic entailment, 
where 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆1  and 𝑋𝑋 ⊆ 𝑆𝑆1 . 𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐶𝐶1  denotes 
here the class of all systems 〈𝑅𝑅,𝑋𝑋〉, which are based 
on a classical entailment, where 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆1  and 𝑋𝑋 ⊆ 𝑆𝑆1. 
𝜙𝜙 �
𝐴𝐴0
𝑅𝑅,𝑋𝑋  𝜓𝜓 denotes that 𝜓𝜓 results atomically from 𝜙𝜙, 
on the ground of the system 〈𝑅𝑅,𝑋𝑋〉, where 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆0  
and 𝑋𝑋 ⊆ 𝑆𝑆0 . Next, 𝜙𝜙 � 𝐴𝐴1𝑅𝑅,𝑋𝑋  𝜓𝜓  denotes that 𝜓𝜓  results 
atomically from 𝜙𝜙 , on the ground of the system 
〈𝑅𝑅,𝑋𝑋〉, where 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆1  and 𝑋𝑋 ⊆ 𝑆𝑆1. At last, 𝜙𝜙 � 𝐶𝐶1𝑅𝑅,𝑋𝑋  𝜓𝜓 
denotes that 𝜓𝜓  results classically from 𝜙𝜙 , on the 
ground of the system 〈𝑅𝑅,𝑋𝑋〉 , where 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆1  and 
𝑋𝑋 ⊆ 𝑆𝑆1 (see [16]). 
Definition 1.1. The function 𝑗𝑗:𝑆𝑆1 ⟶ 𝑆𝑆0, is 
defined, as follows (see [16]): 
(1) 𝑗𝑗�𝑃𝑃𝑘𝑘𝑛𝑛(𝐴𝐴1, … , 𝐴𝐴𝑛𝑛)� =  𝑝𝑝𝑘𝑘(𝑝𝑝𝑘𝑘 ∈ 𝐴𝐴𝐴𝐴0) 
(2) 𝑗𝑗(~𝜙𝜙) =  ~ 𝑗𝑗(𝜙𝜙) 
(3) 𝑗𝑗(𝜙𝜙𝜙𝜙𝜓𝜓) = 𝑗𝑗(𝜙𝜙)𝜙𝜙𝑗𝑗(𝜓𝜓), for 𝜙𝜙 ∈ {→,∨,∧,≡} 
(4) 𝑗𝑗(⋀𝑥𝑥𝑘𝑘𝜙𝜙) = 𝑗𝑗(⋁𝑥𝑥𝑛𝑛𝜙𝜙) = 𝑗𝑗(𝜙𝜙). 
2. Classical Entailment 
Definition 2.1. Let 𝐶𝐶𝑛𝑛1(𝑅𝑅,𝑋𝑋) = 𝐿𝐿 ≠ ∅ and  
𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆1. Then 𝜙𝜙 � 𝐶𝐶1𝑅𝑅,𝑋𝑋  𝜓𝜓 iff the following  
conditions are satisfied, [14], [16]: 
(1) (∀𝑒𝑒 ∈ 𝜀𝜀∗1)[ℎ𝑒𝑒(⋀𝜙𝜙) ∈ 𝐿𝐿 ⇒ ℎ𝑒𝑒(𝜓𝜓) ∈ 𝐿𝐿] 
(2) (∀𝑒𝑒 ∈ 𝜀𝜀∗1)[ℎ𝑒𝑒((𝜓𝜓∗ → 𝜙𝜙∗) → 𝜙𝜙∗) ∈ 𝐿𝐿 ⇒ 
ℎ𝑒𝑒(𝜙𝜙∗) ∈ 𝐿𝐿]. 
Definition 2.2. 〈𝑅𝑅,𝑋𝑋〉 ∈ 𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐶𝐶1 iff the  
following condition is satisfied, [14], [16]: (∀𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆1) �⋀𝜙𝜙 → 𝜓𝜓 ∈ 𝐶𝐶𝑛𝑛1(𝑅𝑅,𝑋𝑋) ⇔ 𝜙𝜙 � 𝐶𝐶1𝑅𝑅,𝑋𝑋  𝜓𝜓�. 
3. The Classical Logic 
Let 𝐿𝐿2 denote the set of all formulas valid in the  
classical predicate calculus. 
Thus, (cf. [6] pp. 68 – 74): 
Theorem 3.1. 𝐶𝐶𝑛𝑛1(𝑅𝑅0∗+,𝐿𝐿2) = 𝐿𝐿2 . 
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4. Atomic Entailment 
In [14], [15] and [16], we have introduced the 
following definitions (cf. [12], [13]): 
 
Definition 4.1. Let 𝐶𝐶𝑛𝑛0(𝑅𝑅,𝑋𝑋) = 𝐿𝐿 ≠ ∅ and  
𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆0. Then 𝜙𝜙 � 𝐴𝐴0𝑅𝑅,𝑋𝑋  𝜓𝜓 iff the following  
conditions are satisfied: 
(1) (∀𝑒𝑒 ∈ 𝜀𝜀∗0)[ℎ𝑒𝑒(𝜙𝜙) ∈ 𝐿𝐿 ⇒ ℎ𝑒𝑒(𝜓𝜓) ∈ 𝐿𝐿 &  𝑃𝑃0�ℎ𝑒𝑒(𝜙𝜙)� ⊆ 𝑃𝑃0�ℎ𝑒𝑒(𝜓𝜓)�] 
(2) (∀𝑒𝑒 ∈ 𝜀𝜀∗0)�ℎ𝑒𝑒�(𝜓𝜓∗ → 𝜙𝜙∗) → 𝜙𝜙∗� ∈ 𝐿𝐿 ⇒  
 ℎ𝑒𝑒(𝜙𝜙∗) ∈ 𝐿𝐿  & 𝑃𝑃0�ℎ𝑒𝑒(𝜓𝜓∗)� ⊆ 𝑃𝑃0�ℎ𝑒𝑒(𝜙𝜙∗)��. 
 
Definition 4.2. 〈𝑅𝑅,𝑋𝑋〉 ∈ 𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐴𝐴0 iff the  
following condition is satisfied: (∀𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆0) �𝜙𝜙 → 𝜓𝜓 ∈ 𝐶𝐶𝑛𝑛0(𝑅𝑅,𝑋𝑋) ⇔ 𝜙𝜙 �𝐴𝐴0𝑅𝑅,𝑋𝑋  𝜓𝜓�. 
 
Definition 4.3. Let 𝐶𝐶𝑛𝑛1(𝑅𝑅,𝑋𝑋) = 𝐿𝐿 ≠ ∅ and  
𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆1. Then 𝜙𝜙 � 𝐴𝐴1𝑅𝑅,𝑋𝑋  𝜓𝜓 iff the following  
conditions are satisfied: 
(1) (∀𝑒𝑒 ∈ 𝜀𝜀∗1)[ℎ𝑒𝑒(⋀𝜙𝜙) ∈ 𝐿𝐿 ⇒ ℎ𝑒𝑒(𝜓𝜓) ∈ 𝐿𝐿 & 𝑃𝑃1(ℎ𝑒𝑒(⋀𝜙𝜙)) ⊆ 𝑃𝑃1(ℎ𝑒𝑒(𝜓𝜓))] 
(2) (∀𝑒𝑒 ∈ 𝜀𝜀∗1)[ℎ𝑒𝑒((𝜓𝜓∗ → 𝜙𝜙∗) → 𝜙𝜙∗) ∈ 𝐿𝐿 ⇒  
 ℎ𝑒𝑒(𝜙𝜙∗) ∈ 𝐿𝐿  &𝑃𝑃1�ℎ𝑒𝑒(𝜓𝜓∗)� ⊆  𝑃𝑃1�ℎ𝑒𝑒(𝜙𝜙∗)��. 
 
Definition 4.4. 〈𝑅𝑅,𝑋𝑋〉 ∈ 𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐴𝐴1 iff the  
following condition is satisfied: (∀𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆1) �⋀𝜙𝜙 → 𝜓𝜓 ∈ 𝐶𝐶𝑛𝑛1(𝑅𝑅,𝑋𝑋) ⇔ 𝜙𝜙 �𝐴𝐴1𝑅𝑅,𝑋𝑋  𝜓𝜓�. 
5. The Atomic Logic 
Let us take the matrix (see [16]) 
𝔐𝔐𝐷𝐷 = 〈{0,1,2}, {1,2},𝑓𝑓𝐷𝐷→,𝑓𝑓𝐷𝐷≡,𝑓𝑓𝐷𝐷∨,𝑓𝑓𝐷𝐷∧,𝑓𝑓𝐷𝐷∼〉, where: 
 
 
𝑓𝑓𝐷𝐷
→ 0 1 2    𝑓𝑓𝐷𝐷≡ 0 1 2 
0 1 1 1    0 1 0 0 
1 0 1 0    1 0 1 0 
2 0 1 2    2 0 0 2 
 
𝑓𝑓𝐷𝐷
∨ 0 1 2   𝑓𝑓𝐷𝐷∧ 0 1 2 
0 0 1 0   0 0 0 0 
1 1 1 1   1 0 1 1 
2 0 1 2   2 0 1 2 
 
𝑓𝑓𝐷𝐷
∼  
0 1 
1 0 
2 2 
 
It should be noticed here that the matrix 𝔐𝔐′𝐷𝐷 =    〈{0,1,2}, {1,2},𝑓𝑓𝐷𝐷→,𝑓𝑓𝐷𝐷∼〉 was investigated by 
B. Sobocinski (see [9], [10]). 
Next, we define 𝑇𝑇𝐷𝐷, putting: 
Definition 5.1. 𝑇𝑇𝐷𝐷 = 𝐸𝐸(𝔐𝔐𝐷𝐷). 
In [10] (see [11]) we have proved the following: 
Theorem 5.2. The system 〈𝑅𝑅0∗,𝑇𝑇𝐷𝐷〉 is  
axiomatizable. 
Theorem 5.3. Let 𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆0 and (∃𝑒𝑒 ∈ 𝜀𝜀∗0)[ℎ𝑒𝑒(𝜙𝜙) ∈ 𝑇𝑇𝐷𝐷]. 
Then 𝜙𝜙 → 𝜓𝜓 ∈ 𝐶𝐶𝑛𝑛0(𝑅𝑅0∗,𝑇𝑇𝐷𝐷) iff (∀𝑒𝑒 ∈ 𝜀𝜀∗0)[ℎ𝑒𝑒(𝜙𝜙) ∈ 𝑇𝑇𝐷𝐷 ⇒ ℎ𝑒𝑒(𝜓𝜓) ∈ 𝑇𝑇𝐷𝐷 &𝑃𝑃0�ℎ𝑒𝑒(𝜙𝜙)� ⊆ 𝑃𝑃0�ℎ𝑒𝑒(𝜓𝜓)�]. 
Now we define the system  of the Atomic Logic, 
as follows: 
Definition 5.4. = 〈𝑅𝑅0,𝑇𝑇𝐷𝐷〉.  
Next, we define the set 𝐿𝐿𝐷𝐷, putting (see [16]): 
Definition 5.5. 𝐿𝐿𝐷𝐷 = {𝜙𝜙 ∈ 𝐿𝐿2: 𝑗𝑗(𝜙𝜙) ∈ 𝑇𝑇𝐷𝐷}. 
The system 𝑆𝑆
⊓
 of the Atomic Logic,  
is defined, as follows (see [16]): 
Definition 5.6. 𝑆𝑆
⊓ =  〈𝑅𝑅0+,𝐿𝐿𝐷𝐷〉. 
6. The Fundamental Properties of the Systems 
〈𝑹𝑹𝟎𝟎,𝑻𝑻𝑫𝑫〉, 〈𝑹𝑹𝟎𝟎+,𝑳𝑳𝑫𝑫〉 and 〈𝑹𝑹𝟎𝟎+,𝑳𝑳𝟐𝟐〉 
 
In [16] we have proved the following: 
Theorem 6.1. 〈𝑅𝑅0,𝑇𝑇𝐷𝐷〉 ∈ 𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐴𝐴0. 
Theorem 6.2. 〈𝑅𝑅0+,𝐿𝐿𝐷𝐷〉 ∈ 𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐴𝐴1. 
Theorem 6.3. 〈𝑅𝑅0+,𝐿𝐿2〉 ∈ 𝑆𝑆𝑆𝑆𝑠𝑠𝐴𝐴 ∩ 𝐶𝐶1. 
S^
S^
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7. The Main Result 
Arithmetic terminology. 
Let 𝑆𝑆𝐴𝐴 denote the set of all well-formed formulas 
of the Arithmetic System. 𝜙𝜙𝑉𝑉𝐴𝐴(𝜙𝜙) denotes the set of 
all free variables occuring in 𝜙𝜙 , where 𝜙𝜙 ∈ 𝑆𝑆𝐴𝐴 . 
Hence, 𝑆𝑆𝐴𝐴 = { 𝜙𝜙 ∈ 𝑆𝑆𝐴𝐴: 𝜙𝜙𝑉𝑉𝐴𝐴(𝜙𝜙) = ∅}. 𝑃𝑃𝑟𝑟(𝜙𝜙) denotes 
the set of all predicate letters occuring in 𝜙𝜙, where 
𝜙𝜙 ∈ 𝑆𝑆𝐴𝐴. 𝑅𝑅𝑆𝑆𝐴𝐴  denotes the set of all rules over 𝑆𝑆𝐴𝐴. For 
any 𝑋𝑋 ⊆ 𝑆𝑆𝐴𝐴 and for any 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆𝐴𝐴 , 𝐶𝐶𝑛𝑛(𝑅𝑅,𝑋𝑋) is the 
smallest subset of 𝑆𝑆𝐴𝐴, containing 𝑋𝑋 and closed under 
the rules of 𝑅𝑅. The couple 〈𝑅𝑅,𝑋𝑋〉 is called a system, 
whenever 𝑅𝑅 ⊆ 𝑅𝑅𝑆𝑆𝐴𝐴  and 𝑋𝑋 ⊆ 𝑆𝑆𝐴𝐴 . 𝑅𝑅0+𝑃𝑃 = {𝑟𝑟0𝑃𝑃 , 𝑟𝑟+𝑃𝑃} , 
where {𝑟𝑟0𝑃𝑃 , 𝑟𝑟+𝑃𝑃} ⊆ 𝑅𝑅𝑆𝑆𝐴𝐴 . 𝑟𝑟0𝑃𝑃 , 𝑟𝑟+𝑃𝑃 are Modus Ponens and 
generalization rule in the Arithmetic System, 
respectively. Next (cf. [3], [4], [8]): 
(1) 𝜓𝜓1: ⋀𝑥𝑥1 𝑥𝑥1 = 𝑥𝑥1 
(2) 𝜓𝜓2: ⋀𝑥𝑥1⋀𝑥𝑥2(𝑥𝑥1 = 𝑥𝑥2 → 𝑥𝑥2 = 𝑥𝑥1) 
(3) 𝜓𝜓3: ⋀𝑥𝑥1⋀𝑥𝑥2⋀𝑥𝑥3(𝑥𝑥1 = 𝑥𝑥2 → (𝑥𝑥2 = 𝑥𝑥3 →   
 𝑥𝑥1 = 𝑥𝑥3)) 
(4) 𝜓𝜓4: ⋀𝑥𝑥1⋀𝑥𝑥2⋀𝑥𝑥3⋀𝑥𝑥4(𝑥𝑥1 = 𝑥𝑥2 →  (𝑥𝑥3 = 𝑥𝑥4 →  (𝑥𝑥1 + 𝑥𝑥3 = 𝑥𝑥2 + 𝑥𝑥4))) 
(5) 𝜓𝜓5: ⋀𝑥𝑥1⋀𝑥𝑥2⋀𝑥𝑥3⋀𝑥𝑥4(𝑥𝑥1 = 𝑥𝑥2 →  (𝑥𝑥3 = 𝑥𝑥4 →  (𝑥𝑥1 ∙ 𝑥𝑥3 = 𝑥𝑥2 ∙ 𝑥𝑥4))) 
(6) 𝜓𝜓6: ⋀𝑥𝑥1⋀𝑥𝑥2⋀𝑥𝑥3⋀𝑥𝑥4(𝑥𝑥1 = 𝑥𝑥2 →  (𝑥𝑥3 = 𝑥𝑥4 →  (𝑥𝑥1 < 𝑥𝑥3 → 𝑥𝑥2 < 𝑥𝑥4))) 
(7) 𝜓𝜓7: ⋀𝑥𝑥1 ~(1 = 𝑥𝑥1 + 1) 
(8) 𝜓𝜓8: ⋀𝑥𝑥1⋀𝑥𝑥2(𝑥𝑥1 + 1 = 𝑥𝑥2 + 1 → 𝑥𝑥1 = 𝑥𝑥2) 
(9) 𝜓𝜓9: ⋀𝑥𝑥1⋀𝑥𝑥2(𝑥𝑥1 + (𝑥𝑥2 + 1) = (𝑥𝑥1 + 𝑥𝑥2) + 1) 
(10)𝜓𝜓10: ⋀𝑥𝑥1 (𝑥𝑥1 ∙ 1 = 𝑥𝑥1) 
(11)𝜓𝜓11: ⋀𝑥𝑥1⋀𝑥𝑥2[𝑥𝑥1 ∙ (𝑥𝑥2 + 1) = (𝑥𝑥1 ∙ 𝑥𝑥2) + 𝑥𝑥1] 
(12)𝜓𝜓12: ⋀𝑥𝑥1⋀𝑥𝑥2[𝑥𝑥1 < 𝑥𝑥2 ≡ ⋁𝑥𝑥3 (𝑥𝑥1 + 𝑥𝑥3 = 𝑥𝑥2)] 
(13)𝜓𝜓13 : �𝐴𝐴(1) ∧ ⋀𝑥𝑥1�𝐴𝐴(𝑥𝑥1) → 𝐴𝐴(𝑥𝑥1 + 1)�� → 
⋀𝑥𝑥1𝐴𝐴(𝑥𝑥1), 
where 𝐴𝐴(1),𝐴𝐴(𝑥𝑥1),𝐴𝐴(𝑥𝑥1 + 1)  ∈ 𝑆𝑆𝐴𝐴.  
Next, 𝑋𝑋𝑃𝑃 = {𝜓𝜓1,𝜓𝜓2,𝜓𝜓3,𝜓𝜓4,𝜓𝜓5,𝜓𝜓6,𝜓𝜓7,𝜓𝜓8,𝜓𝜓9,𝜓𝜓10, 
𝜓𝜓11,𝜓𝜓12}. 
𝑌𝑌𝑃𝑃 denotes here the set of all axioms of induction. 
At last, 𝐿𝐿2𝑟𝑟  and 𝑋𝑋𝑟𝑟  denote the set of all logical 
axioms of the Arithmetic System and the set of all 
specific axioms of the Arithmetic System, where 
𝐿𝐿2𝑟𝑟 ,  𝑋𝑋𝑟𝑟 ⊆ 𝑆𝑆𝐴𝐴 , respectively. 𝑆𝑆𝑥𝑥  denotes here the 
successor of 𝑥𝑥 (see [1]). 
𝜓𝜓14 denotes the formula (see [3]) 
⋀𝑥𝑥1⋀𝑥𝑥2[⋁𝑥𝑥3(𝑆𝑆𝑥𝑥3 + 𝑥𝑥1 = 𝑥𝑥2) ≡ (𝑥𝑥1 < 𝑥𝑥2)]. 
Definition 7.1. The function 𝑖𝑖: 𝑆𝑆𝐴𝐴 ⟶ 𝑆𝑆0, is 
defined, as follows: 
(1) 𝑖𝑖(𝐴𝐴𝑛𝑛 = 𝐴𝐴𝑆𝑆) = 𝑝𝑝𝑘𝑘(𝑝𝑝𝑘𝑘 ∈ 𝐴𝐴𝐴𝐴0) 
(2) 𝑖𝑖(𝐴𝐴𝑛𝑛 < 𝐴𝐴𝑆𝑆 ) = 𝑝𝑝𝑠𝑠(𝑝𝑝𝑠𝑠 ∈ 𝐴𝐴𝐴𝐴0) 
(3) 𝑖𝑖(~𝜙𝜙) = ~𝑖𝑖(𝜙𝜙) 
(4) 𝑖𝑖(𝜙𝜙𝜙𝜙𝜓𝜓) = 𝑖𝑖(𝜙𝜙)𝜙𝜙𝑖𝑖(𝜓𝜓), for 𝜙𝜙 ∈ {→,∨,∧,≡} 
(5) 𝑖𝑖(⋀𝑥𝑥𝑘𝑘 𝜙𝜙) = 𝑖𝑖(⋁𝑥𝑥𝑛𝑛 𝜙𝜙) = 𝑖𝑖(𝜙𝜙), 
where 𝜙𝜙,𝜓𝜓 ∈ 𝑆𝑆𝐴𝐴. 
 
Definition 7.2. 〈𝑅𝑅0+𝑃𝑃 ,𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟〉 is the Arithmetic 
System, where 𝑋𝑋𝑟𝑟 = 𝑋𝑋𝑃𝑃 ∪ 𝑌𝑌𝑃𝑃 (see [3], [4], [8]).  
 
In [8], one can read that the System 〈𝑅𝑅0+𝑃𝑃 ,𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟〉 
is a modification of Peano’s Arithmetic System. 
 
Next,  
Definition 7.3. 𝐿𝐿𝐷𝐷𝑟𝑟 = {𝜙𝜙 ∈ 𝐿𝐿2𝑟𝑟 : 𝑖𝑖(𝜙𝜙) ∈ 𝑇𝑇𝐷𝐷}. 
 
Theorem 7.4. 
𝐶𝐶𝑛𝑛(𝑅𝑅0+𝑃𝑃 ,𝐿𝐿𝐷𝐷𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟) = 𝐶𝐶𝑛𝑛(𝑅𝑅0+𝑃𝑃 ,𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟), 
where 𝑋𝑋𝑟𝑟 = 𝑋𝑋𝑃𝑃 ∪ 𝑌𝑌𝑃𝑃 . 
 
Proof. Let  
(1) 𝛼𝛼 ∈ 𝐿𝐿2𝑟𝑟 − 𝐿𝐿𝐷𝐷𝑟𝑟  
and 
(2) 𝑋𝑋𝑟𝑟 = 𝑋𝑋𝑃𝑃 ∪ 𝑌𝑌𝑃𝑃. 
 
From Definition 5.1., Definition 5.5., Definition 7.1. 
and Definition 7.3., it follows that 
(3) (∀𝜙𝜙 ∈ 𝐿𝐿2𝑟𝑟 ) [𝑃𝑃𝑟𝑟(𝜙𝜙) ⊆ {=} ⇒ 𝜙𝜙 ∈ 𝐿𝐿𝐷𝐷𝑟𝑟 ] 
and 
(4) (∀𝜙𝜙 ∈ 𝐿𝐿2𝑟𝑟 ) [𝑃𝑃𝑟𝑟(𝜙𝜙) ⊆ {<} ⇒ 𝜙𝜙 ∈ 𝐿𝐿𝐷𝐷𝑟𝑟 ]. 
 
From (1), (3) and (4), it follows that 
(5) < ∈ 𝑃𝑃𝑟𝑟(𝛼𝛼) 
and 
(6) = ∈ 𝑃𝑃𝑟𝑟(𝛼𝛼). 
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From (1), (3), (4), (5), (6), Definition 5.1., 
Definition 5.5., Definition 7.1., and the definition  
of the formula 𝜓𝜓12, it follows that  
(7) 𝑖𝑖(𝜓𝜓12 → 𝛼𝛼) ∈ 𝑇𝑇𝐷𝐷 
and 
(8) 𝜓𝜓12 → 𝛼𝛼 ∈ 𝐿𝐿2𝑟𝑟 . 
 
Hence, from (1), (5), (6), by Definition 5.1., 
Definition 5.5. and Definition 7.3., it follows that 
(9) 𝜓𝜓12 → 𝛼𝛼 ∈ 𝐿𝐿𝐷𝐷𝑟𝑟 . 
Hence, from (1), (2), (3), (4), Definition 7.2. and 
Definition 7.3., it follows that 
(10) 𝐶𝐶𝑛𝑛(𝑅𝑅0+𝑃𝑃 ,𝐿𝐿𝐷𝐷𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟) = 𝐶𝐶𝑛𝑛(𝑅𝑅0+𝑃𝑃 ,𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟). □ 
 
Thus, by the proof of Theorem 7.4., one can obtain 
(see [17]): 
Conclusion 7.5. 
Every Arithmetic System 〈𝑅𝑅0+𝑃𝑃 ,𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟〉 can be 
based on the system of the Atomic Logic 〈𝑅𝑅0+,𝐿𝐿𝐷𝐷𝑟𝑟 〉,  
where 
𝜓𝜓12 ∈ 𝐶𝐶𝑛𝑛(𝑅𝑅0+𝑃𝑃 ,𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟) 
or  
𝜓𝜓14 ∈ 𝐶𝐶𝑛𝑛(𝑅𝑅0+𝑃𝑃 ,𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟) 
  and (∀𝜙𝜙 ∈ 𝐿𝐿2𝑟𝑟 ∪ 𝑋𝑋𝑟𝑟)[𝑃𝑃𝑟𝑟(𝜙𝜙) ⊆ {=, <}],  
(cf. [1] p.530 – 541). 
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